We study the equations for the quasi-momenta which characterize the wave-functions in the Bethe ansatz for the XXX-Heisenberg model. We show in a simple analytical fashion, that the usual "string hypothesis" incorrectly predicts the number of real solutions and the 1
number of complex solutions for N > 21 in the sector with two spins flipped, confirming the work of Essler et al. Two complex pair solutions drop out and form two additional real pair solutions. We also introduce a new set of variables which allows the equations to be written as a single polynomial equation in one variable. We consider in some detail the case of three spins flipped.
The XXX-Heisenberg model appears to be fundamental to many of the recent interesting developments in modern quantum field theory and mathematical physics. Integrable models, conformal field theories and quantum groups are seen to arise from various limits, extensions and generalizations 1 . It is, in fact, the original model considered by Bethe 2 , which gave rise to the celebrated "Bethe ansatz" solutions. Recently, there appeared an article 3 , studying the Bethe ansatz equations in the two particle sector of the spin one-half model. It was shown that, as the number of lattice sites, N , increases past 21, two new real pair solutions appear. These solutions do not fit into the conventional scheme of classification of the solutions to the Bethe ansatz equations which causes some anxiety as to the verity of the completeness of the full set of SU (2) extended Bethe ansatz states. The full set of states, just by counting, should number 2 N . This, however, is not a problem. As the real pair solutions appear, complex pair solutions disappear, conserving the total number of states. We analyze the Bethe ansatz equations analytically and confirm their result; two complex pair solutions disappear simultaneously giving two new real pair solutions.
with σ N+1 = σ 1 , and the σ i are just the Pauli matrices for each i. The Bethe ansatz in the M particle sector corresponds to eigenfunctions of the form
with
|0 is the ferromagnetic state with all spins up, P is a permutation on M objects and φ i,j satisfies 2 cot(
] are the quasi-momenta or spectral parameters. The wave-function is symmetric under interchange of any two coordinates x j .
Periodic boundary conditions
imply the M coupled equations
The usual set of variables considered are Λ j = cot(
) which give the equivalent form for the equations
The energy of the state is then given by
In the large N limit, the "string hypothesis" 4 states that, for fixed M , any solution
where n ≥ 1 gives the length of the string, α labels strings of a given length, j specifies the imaginary part of Λ and δ > 0. With such a hypothesis, the Bethe ansatz equations only involve the real parts, Λ 
The Bethe ansatz equations for M = 2 are
This set of equations has the following symmetries,
e(
We choose to work with the variables X i = e(Λ i ). In terms of these variables, real solutions (in the Λ i ) are mapped to the unit circle while complex conjugate pairs are mapped to complex pairs which are related by, (z, 1 z * ). Then we get
Multiplying these equations together gives,
where ω is an N th root of unity. Thus replacing
Assuming X 1 = 2ω ω+1 , or 0, we get
ie.
We will be interested in the real roots in terms of Λ 1 . These are mapped to roots on the unit circle in terms of X 1 . Furthermore
for ω = 1. Thus the denominator by which we multiplied may only vanish for ω = 1 and X 1 = 1, which gives X 2 = 1. The corresponding wave function vanishes identically as the Bethe ansatz wave functions respect the Pauli principle. We want the roots of equation (18), for each choice of ω. This gives N polynomials, each of order N , which is a total of but for m even we must take
The set of { √ ω} for m odd are exactly the inverses (complex conjugates) of the set for m even, except for ω = 1, which is not so paired. Then taking into account
which yields
with the definition
. The symmetries of equation (11) now translate into
The roots of Equation (21) in terms of theX variables.X 1 = r fixes the solution for the corresponding
. It would be interesting to find true quartet solutions.
Below we only find pairs. Equation (21) is the same for √ ω and for
. Although the equations, and consequently the solutions, are the same in the tilde variables, the solutions in terms of the original X variables are of course different, giving rise to different Bethe ansatz wave functions.
Now we look for solutions on the unit circle,X 1 = e iα . Equation (21) becomes
which simplifies magically to
Thus cos( , N = 11
By counting the intersections it is evident from figure (1) , that there is a root for each zero. There are always N − 3 such roots. An additional pair of real roots can appear if
giving N − 1 real roots, butX 1 = 1, (X 1 = √ ω), is also a root of the original equation, giving totally N roots. This exhausts all roots of the polynomial and there are no complex conjugate pairs (for Λ). Thus we find
For large N , this will have solutions for , we get
giving
The values taken by θ 2
(the condition that √ ω N = −1 must be satisfied) give
(N is odd). Hence, for the odd series in m, we get
and for the even series in m,
The number of new solutions behaves like √ N .
The first N for which we have a new solution, (to equation (25) It is easy to see that f (r) is monotone decreasing for r > 1. Therefore, it is monotone increasing for 0 < r < 1, as f ( This is exactly the same condition as equation (25), as expected. We see that for For r < 0,
It is again easy to see that f (r) decreases monotonically from 0 to −1 as r varies from −∞ to −1 after which it rises monotonically to 0, since always f ( 
but here N = 2n. Thus,
The R.H.S. is a function which has zeros at α = kπ (n−1) , k = 1, 2, 3, · · · , 2n − 3, excluding k = n − 1, i.e. 2n − 4 zeros, and poles at α =
The value at α = 0 is n−1 n . The situation is as before except at α = π, the value is − n−1 n , not −1, and the function "turns over". The function is reflection symmetric about α = π.
We therefore obtain for each ω at least 2n − 4 real roots (the number of zeros), but we get two additional real roots if
making a total of 2n − 2 = N − 2. This condition can be satisfied for For m even, the equation forX 1 becomes
(with √ ω = e i θ 2 ) which simplifies to .
Counting the intersections it is evident from figure (3) , that there is a root for each zero.
There are N − 2 zeros, thus there are always only N − 2 real roots,X 1 = ±1 are not roots in this case, in fact it is easy to see that cos , N = 10
We summarize in the following way. For N sufficiently large, we have 2 For N even, they occur only for m odd, however, now they are distributed evenly near X 1 = ±1. We give simple, exact expressions for the critical values N , equations (25) and (37), which do not appear in Reference (3).
Consider now the sector with M spins flipped. Here the equations (7), rewritten in terms of the variables X i = e(Λ i ) are
Multiplying the M equations together gives
Thus
with ω N = 1. Multiplying through with the denominator we get the coupled polynomial
Using equation (44) we can eliminate X M from the first M − 1 equations and multiplying through with the denominator yields the system of M − 1 polynomial equations
Each equation is just a permutation of the variables in any other one. Removing an overall factor of X i , the ith equation is of order N + M − 2 in X i , but only quadratic in all the other variables.
Specializing to M = 3 we find the system
Simplifying we get
(48a, b)
There are two ways to proceed, both give the same result up to trivial factors. The simplest and straightforward method is to solve the quadratic equation (48a) for X 2
i.e.
as an algebraic function of X 1 . Then replace this in the corresponding equation (48b) for
Expanding the powers of X 2 we can isolate the odd powers of the square root to one side of the equation, the other side then only involves rational polynomial expressions in X 1 .
Finally squaring both sides and multiplying through by the denominator gives a single polynomial equation for X 1 . Generalizing from calculations with Mathematica for low N , we obtain the form of the polynomial as ( The second way to proceed affords generalization to higher values of M , although this is not straightforward. We consider the quadratic equation in X 2 as giving the first step of a recurrence relation
Then if X n 2 = α n X 2 + β n we have α n X 2 + β n = X = (α n−1 (− B(X 1 ) A(X 1 ) ) + β n−1 )X 2 + α n−1 (− C(X 1 ) A(X 1 ) ).
Thus α n β n = 1 A(X 1 ) −B(X 1 ) A(X 1 ) −C(X 1 ) 0
which is trivial to solve as
.
Then replacing in equation (51) for X n 2 we obtain a linear equation in X 2 that is a rational polynomial expression in X 1 and we solve for X 2 as a rational polynomial in X 1 . Replacing this back in equation (49) We find it is a dramatic simplification to deal with even, coupled polynomial equations (46) than the original transcendental equations. We hope to extend our analysis to other models where the Bethe ansatz has proven useful.
